This study performs a detailed theoretical analysis of refractive index (RI) sensors based on whispering gallery modes (WGMs) in liquid core optical ring resonators (LCORRs). Both TE-and TM-polarized WGMs of various orders are considered. The analysis shows that WGMs of higher orders need thicker walls to achieve a near-zero thermal drift, but WGMs of different orders exhibit a similar RI sensing performance at the thermostable wall thicknesses. The RI detection limit is very low at the thermostable thickness. The theoretical predications should provide a general guidance in the development of LCORR-based thermostable RI sensors.
Introduction
Liquid core optical ring resonators (LCORRs) have recently attracted a good deal of attention in sensing applications [1] [2] [3] [4] [5] [6] [7] [8] [9] . In such resonators, the light propagates in the form of whispering gallery modes (WGMs) due to the total internal reflection of the light along the curved boundary between the high and low refractive index (RI) materials. The WGM is the surface mode, and its evanescent field extends into the low RI material. Consequently, LCORRs are sensitive to the RI change resulting from the change in the surrounding medium and binding of molecules to the resonator surface [5] . In addition, WGMs have high Q factors and thus provide an effective long interaction length between the light and the analytes [7] . This would significantly reduce the amount of sample needed for the detection compared to conventional waveguide-based sensors. Furthermore, LCORRs utilize thin-walled microtubes as fluidic channels to conduct samples and as ring resonators to detect analytes passing through the channel. Based on this unique structure, LCORRs can quickly deliver quantitative and kinetic information of samples without labeling [8] . Because of these distinctive advantages, LOCRRs represent a promising technology platform for RI sensing applications.
However, WGMs are susceptible to thermal fluctuations due to the environmental temperature variations and probe-induced energy absorptions. Especially for RI sensors with high Q factors, the instability of WGMs due to temperature-induced fluctuations significantly impairs the sensor performance [10] . In the case of the LOCRR, the thermal fluctuations cause changes in the refractive indices of both the LCORR wall material and the liquid solution. However, due to the negative thermal refraction of the liquid core, the resonance thermal drift can be reduced or even completely eliminated by adjusting the LCORR wall thickness [11] . The wall thickness also plays a significant role in determining the RI sensitivity and the Q factor (thus the RI detection limit) of LCORR-based RI sensors.
This study performs a detailed theoretical analysis of the thermal and RI sensing properties of WGM resonances in LCORRs. The numerical models to analyze the thermal drift, RI sensitivity, and detection limit are presented in Section 2. Based on the models, the influence of the LCORR wall thickness on RI sensing performance factors are studied in detail in Section 3. Both TE-and TM-polarized WGMs of various orders are considered. Major results are reported in Section 4.
Theory

A. WGMs in an LCORR
The general configuration of an LCORR structure is shown in Fig. 1 . Over the years, WGM modal structures and resonance spectra of microresoantors have been widely studied [6, 7, 12] . For an LCORR, the WGM is characterized by a set of integers: m and l, which represent angular and radial mode numbers, respectively. Also, a WGM has two polarizations, TE mode and TM mode, with the magnetic field and the electric filed being along the cylinder longitudinal direction, respectively. Also, the two polarizations can be selectively excited by controlling the polarization of the coupling light. In general, the WGM resonance spectrum is determined by the size of the microresonator and the RI inside/outside the resonator. Considering an LCORR with the inner radius of R 1 and outer radius of R 2 [ Fig. 1(b) ], the characteristic equation to specify the resonant wavelengths λ R of the WGMs can be expressed by [6, 7] N 0 H 0ð1Þ
where k 0 ¼ 2π=λ R is the resonant wave vector; J m and H ð1Þ m are the mth Bessel function and the mth Hankel function of the first kind, respectively; and B m is a coefficient that is given by
For a given value of m, there are multiple values of λ R that satisfy the characteristic equation. These resonant modes are called the first-order mode, the second-order mode …, and the lth-order mode in the decreasing value of λ R .
B. Thermal Drift
For a given WGM mode, the resonant wavelength shift δλ R versus the temperature variation δT can be given by [13] 
where α is the linear thermal expansion coefficient of the LCORR and n eff is the effective RI of the WGMs, which can be approximately expressed as
, and η 3 denote the fractions of light energy distributed in the liquid core, the ring wall, and the surrounding medium, respectively. Thus, δλ R =δT is further expressed as
where dn 1 =dT, dn 2 =dT, and dn 3 =dT are the thermal refraction coefficients of the liquid core, the wall, and the surrounding medium, respectively. The energy fractions can be calculated by Fig. 1 . Schematic structure of an LCORR with an inner radius of R 1 and outer radius of R 2 . n 1 , n 2 , and n 3 are the refractive indices of the liquid core, ring wall, and surrounding medium, respectively.
where
A m and C m are the coefficients determined by
Substituting Eq. (5) into Eq. (4), the thermal drift for the TE and TM modes in the LCORRs can be respectively expressed by
C. RI Sensitivity
Considering an RI change of the liquid core δn 1 , the resonant wavelength shift δλ R induced by δn 1 can be calculated by δλ R ¼ δn 1 × S. S, the RI sensitivity, can be expressed by
where δk is the wave vector shift induced by δn 1 . If the RI change of the liquid core is uniform and δðn 2 1 Þ ≪ 1, the fractional shift δk=k 0 can be calculated using perturbation theory [14, 15] , which is given as
; TE modes;
where TðrÞ is the function to describe the field distribution of WGMs along the radial direction, and T 0 denotes the field before the RI change; R − 1 is infinitesimally smaller than R 1 . TðrÞ is given by
Substituting Eqs. (8) and (9) into Eq. (7), and considering δðn
Þ ≪ 1, the RI sensitivity for TE and TM modes of the LCORRs can be respectively expressed as
The unit of RI sensitivity is nanometers per RI unit (RIU).
D. Detection Limit
The detection limit (DL), defined as the smallest detectable change of the RI, is proportional to 1=ðS × QÞ [16] . The Q factor is defined as the ratio of the resonant wavelength to the FWHM of the resonance. In practical applications of RI sensors, various noises can perturb the resonance spectrum. In these cases, the accurate detection of resonant wavelength shift is difficult for a broad resonance line width, which suggests that a narrow resonance (thus a high Q value) is preferred to achieve a good detection performance. The Q factor of the LCORR is determined by the lumped loss of light in the resonator, which includes the tunneling loss (also known as radiation loss), the scattering loss from surface irregularities, and the material absorption loss of light [6] . Tunneling loss is due to the curvature of the waveguiding boundaries in the direction of propagation, and it is very small for the microresonator with a large radius. Thus, the total Q factor of the LCORR can be further expressed as
where 1=Q sca denotes the scattering loss and 1=ðQ abs Þ wall and 1=ðQ abs Þ core denote the material absorption loss of light in the LCORR wall and liquid
Results and Discussion
In the case study, the values of the refractive indices are chosen as n 2 ¼ 1:45 for the fused silica LCORR wall, n 1 ¼ 1:33 for the liquid core (primarily composed of water), and n 3 ¼ 1:0 for the air outside the LCORR. The thermal refraction coefficients of the liquid core and the silica wall are dn 1 =dT ≈ −1:0 × 10 −4 =K and dn 2 =dT ≈ 6:4 × 10 −6 =K, respectively, and the linear thermal expansion coefficient of the LCORR is α ≈ 5:0 × 10 −7 =K at room temperature [11] . Figure 2 Fig. 2 , the changes of δλ R =δT with h 0 are similar for the TE and TM modes. With the wall thickness increases, the light energy in the liquid core is gradually transferred into the silica wall. As a result, the positive thermal refraction of the silica wall becomes dominant and counteracts the negative thermal refraction of the liquid core, which finally leads to the change of δλ R =δT from negative to positive. A near-zero thermal drift can be achieved when h 0 ≈ 1:3, 2.5, and 3:5 μm for the TM modes of l ¼ 1; 2; 3, respectively. Also, the TE mode needs a slightly thicker silica wall to achieve the near-zero thermal drift compared to the TM mode of the same order. In the following discussion, the wall thickness at which the thermal drift is near-zero is referred to as the thermostable thickness. Figure 3 shows the resonant wavelength shift as a function of the temperature change for the first-order TM mode at various wall thicknesses. The curves represent the approximate results evaluated by δλ R ¼ ðδλ R =δTÞ × δT. The symbols denote the accurate results of δλ R that are numerically calculated by substituting the temperature variation-induced size and RI changes into the resonance condition of Eq. (1). As shown in Fig. 3 , the total resonance shift of the TM l¼1 mode is about zero with the 1 K temperature change at h 0 ¼ 1:3 μm. When h 0 ≥ 2:5 μm, most of the light energy is inside the silica wall and the negative refraction effect of the liquid core is nearly completely eliminated, which finally induces a large redshift of the resonance. The results calculated by the model of Eq. (6) are basically identical with the discrete results by the resonance condition of Eq. (1).
The aforementioned analysis demonstrates that the thermal drift of the resonance can be reduced or even eliminated by controlling the wall thickness. But, for the LCORRs of different wall thicknesses, the RI sensitivities might also be quite different. Figure 4 shows the RI sensitivity for both TE and TM modes of the first three orders as a function of the wall thickness. At h 0 ¼ 1 μm, the RI sensitivities are about 157, 1053, and 1049 nm=RIU for the TM modes of l ¼ 1; 2; 3, respectively. Also, the RI sensitivity of the TE mode is slightly larger than that of the TM mode of the same order. As the wall thickness increases, the light energy in the liquid core is reduced and thus leads to a reduction in RI sensitivity. From Fig. 4 , at the thermostable thicknesses, the RI sensitivities for WGMs of the same polarization but different orders are almost identical. For the TM and TE modes, the RI sensitivities are about 83 and 90 nm=RIU, respectively, at the thermostable thicknesses, which are much smaller than the sensitivities at h 0 ¼ 1 μm. Figure 5 shows the resonant wavelength shift as a function of the RI change of the liquid core for the TM l¼1 mode at various wall thicknesses. The curves represent the approximate results evaluated by δλ R ¼ S × δn 1 . The symbols denote the accurate results of δλ R that are numerically calculated by substituting δn 1 into the resonance condition of Eq. (1). It is shown that the LCORRs exhibit an excellent linear sensing characteristic at various wall thicknesses. Also, the curves are in agreement with the accurate values in the range of refractive changes.
The LCORR of a smaller wall thickness has a higher RI sensitivity, but a smaller Q factor, as shown in Fig. 6 . The Q factor determined by the scattering and absorption loss of the ring wall is taken to be around 10 7 [6] , and the optical attenuation coefficient of water at the wavelength around 1550 nm is about 2:2 × 10 3 m −1 [18] . As the wall thickness decreases, more light energy distributes inside the liquid core, and the Q factor is significantly decreased due to the large absorption loss of light in the liquid core. For instance, at h 0 ¼ 1 μm, the Q factors are as low as 1:8 × 10 4 , 2:7 × 10 3 , and 2:7 × 10 3 for the TM modes of l ¼ 1; 2; 3, respectively. For the same wall thickness, the Q factor of the TE mode is slightly lower than that of the TM mode of the same order. At the thermostable thicknesses, the Q factors are similar for the WGMs of different orders, which are about 3:5 × 10 4 and 4 × 10 4 for the TM and TE modes, respectively. Figure 7 shows 1=ðS × QÞ for both TE and TM modes of the first three orders as a function of the wall thickness. When the ring wall is thin enough, the Q factor is mainly limited by the large absorption loss in the liquid core, and 1=ðS × QÞ for the TM mode can be further approximated by
So, in a thin-walled LCORR, the detection limits are almost identical for the TM-polarized WGMs of different orders. Figure 7 also shows that the TE mode has a smaller detection limit compared with the TM mode of the same order. However, if the ring wall thickness exceeds a certain value, the detection limits of both TE and TM modes increase significantly with the wall thickness. For instance, to ensure a low detection limit, the wall thickness should be smaller than 3 μm for the first-order WGM.
To further illustrate the influence of temperature fluctuations on the detection limit, a detection system with a resolution of 1=100th of the resonance linewidth is considered. According to Fig. 6 , when h 0 < 3 μm, the Q factors of all modes are smaller than ∼10 6 . As for such low Q factors, the wavelength resolution of 1=100th of the resonance linewidth can be achieved with ease [19] . Then, the detection limit can be further evaluated by
The second part of right side of Eq. (13) corresponds to the detection limit determined by the thermal drift. Figure 8 shows the detection limit of the first-order WGMs in the range of wall thicknesses from 1 to 3 μm for a temperature fluctuation of δT ¼ 0, 0.05, 0.5, and 1 K, respectively. Without temperature fluctuation (i.e., δT ¼ 0 K), the detection limits at λ R ≈ 1550 nm are as low as ∼5:5 × 10 −6 and ∼4 × 10 −6 RIU for the TM and TE modes, respectively. However, as the temperature fluctuation increases, the detection limit might be significantly impaired. For example, for the temperature fluctuation of δT ¼ 0:5 K, the detection limit of the firstorder TM mode is ∼2:2 × 10 −3 RIU at h 0 ¼ 3 μm, which is about three orders of magnitude larger than that without temperature fluctuation. However, it is also shown that the detection limit at the thermostable wall thickness is unaffected and remains very small under large temperature fluctuations. So, the ring wall thickness should be optimized to be around the thermostable thickness to ensure a near-zero thermal drift of the resonance.
As the water absorption loss of light in the visible range is almost three orders of magnitude smaller than that in the near-IR range [18] , the Q factor might be greatly improved by choosing the resonant wavelength in the visible range as the detection wavelength. For example, at λ R ≈ 780 nm, the optical attenuation coefficient of water is σ ¼ ∼3 m −1 , and the Q factors for the WGMs of the first three orders are larger than 3 × 10 6 at h 0 > 1 μm. As for such high Q factors, the detection limit is further restricted by the linewidth of the coupling laser [10] . Figure 9 (a) shows the detection limit for both TM and TE modes of the first three orders at λ R ≈ 780 nm and δT ¼ 0 K, considering the laser linewidth of 10 fm [20] . It is shown that the smallest detection limit at λ R ≈ 780 nm can reach ∼2 × 10 −8 RIU if there is no temperature fluctuation. However, in practical applications of the LCORRs, it is difficult to achieve a thermal stability close to 0 K. Also, the temperature fluctuation significantly impairs the detection limit unless the wall thickness is optimized to be around the thermostable wall thickness, as shown in Fig. 9(b) . At the thermostable thickness, the detection limit of λ R ≈ 780 nm is about 3 × 10 −7 RIU, which is more than one order of magnitude lower than that of λ R ≈ 1550 nm. For the WGM of the same order, the thermostable thickness is smaller for a shorter detection wavelength. For instance, for the third-order TM mode, the thermostable thicknesses are about 1.9 and 3:5 μm at λ R ≈ 780 and 1550 nm, respectively. 
Conclusions
The thermal and RI sensing responses of WGMs in LCORRs are theoretically investigated, using the numerical models derived in this study. It is shown that WGMs of higher orders need larger wall thicknesses to achieve the near-zero thermal drift, and the thermostable thickness for the TE mode is slightly larger than that of the TM mode of the same order. LCORRs exhibit an excellent linear RI sensing characteristic at various wall thicknesses, and the results of the models derived in this study agree well with the accurate numerical results. Further analysis shows that the detection limits are very low at the thermostable thicknesses, which can be obtained on the order of 10 −6 and 10 −7 RIU at λ R ≈ 1550 and 780 nm, respectively, without any temperature control. The predications of our models can guide the design and optimization of LCORR-based RI sensors.
